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Thomas Bayes

From Wikipedia, the free encyclopedia.

Thomas Bayes (c. 1702-April 7, 1761)
was aBritish mathematician and
Presbyterian minister, known for having
formulated a special case of Bayes
theorem. Bayes was elected Fellow of the

Royal Society in 1742.

Born in London, England, Bayes died in
Tunbridge Wells, Kent. Heisinterred in
Bunhill Fields Cemetery in London, where
many Nonconformists are buried.
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Works by Thomas Bayes

Bayes is known to have published two worksin his lifetime: Divine Benevolence, or an
Attempt to Prove That the Principal End of the Divine Providence and Government is the
Happiness of His Creatures (1731), and An Introduction to the Doctrine of Fluxions, and a
Defence of the Mathematicians Against the Objections of the Author of the Analyst (published
anonymously in 1736), in which he defended the logical foundation of 1saac Newton's
calculus against the criticism of George Berkeley, author of The Analyst. It is speculated that
Bayes was elected to the Royal Society on the strength of the Introduction to the Doctrine of
IF}uxi ons, as he is not known to have published any other mathematical works during his
ifetime.

Bayes' solution to a problem of "inverse probability" was presented in the Essay Towards
Solving a Problem in the Doctrine of Chances (1763), published posthumously by his friend
Richard Price in the Philosophical Transactions of the Royal Society of London. This essay
contains a statement of a special case of Bayes' theorem.

In thefirst decades of the eighteenth century, many problems concerning the probability of
certain events, given specified conditions, were solved. For example, given a specified
number of white and black ballsin an urn, what is the probability of drawing ablack ball?
These are sometimes called "forward probability" problems. Attention soon turned to the
converse of such a problem: given that one or more balls has been drawn, what can be said
about the number of white and black ballsin the urn? The Essay of Bayes contains his
solution to a similar problem, posed by Abraham de Moivre, author of The Doctrine of
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Bakgrunnur

e Regla Bayes:

P(B|A)P(A)

PAIB) = =5 55

e Likindfraedi er steerdfreedi, med skilgreiningum, setningum sonnun-
um, synidemum. Atburdur, likur, hending(random-variable), dreif-
ing, Ymsar dreifingar pykja tengjast raunverulegum fyrirbserum og
verid heidradar med sérstoku nafni, normal, poisson, Bernoulli ,gamma,

beta, o.s.frv.

e Hagnytingar 4 likindafraedi: Alyktunarfraedi (Inference) og dkvordun-

arfreedi (decision theory).
e Tolfraedi — Alyktunarfraedi (Inference) + Likindafraedi

e Ymsir metriu-kiltarar = Econometrics, biometrics, pschycometrics,

sociometrics, chemometrics, technometrics, criminometrics o.s.frv.

o Alyktanir at fra meelingum krefjast pess ad likur séu talkadar, b.e.

hvad pyoir P(A) = 1/27
e Tulkun 1, tidniskoli (frequentistic): Meelikvardi 4 tidni atburda.

e Tilkun 2, Bayes-skoli: Maelikvaroi & vissu.



e Athugio alyktun 0t fr4 meelingum er alltaf i tengslum vio likan:
x|0 ~ m(x|0)
par sem
x = (r1,T,...,x,) er vektor af meelingum
7(x|0) er likindadreifing, sem styrt er af stikanum 6

Til deemis getum verid ad tala um slembidrtak (random sample) ar

normaldreifingu par sem
m(x|0) er N(u,>)

0 = (1,0°) 0g = (,..., 1) og

1 0 0
SO 0 1 0
0 0 0
0 «vv .- 1

e Frequentistar lita 4 0 sem fasta steerd, i praxis 6pekkta, sem ekki
hafi neina likindadreifningu, pvi endurtekning & tilrauninni myndi ekki

breyta 6.

e Bayesianar lita 6pekktan stika, @ sem hendingu og 6vissuna um pann
stika skuli setja fram { formi likindadreifingar.

e Frequentisti setur fram likan

X |0 safnar gognum x og feer mat ML, MM ,OLS ..
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e Sidan alyktar hann um 6 at fra é, tjair sig um ndkveemni med Or-
yggismorkum (confidence interval) og profar kenningar um 6 med LR

(likelihood-ratio), Wald eda LM (Lagrange-multiplier, score ) profum.

e Vandi ad tulka p-gildi fyrir frequentista. Neyman og Pearson deildu
vid Fischer um pau atrioi milli 1930 og 1940. Sja t.d. Spanos og
Berger. Hj, hafnad vegna pess ad ef Hj er rétt pa pykir mér meeld

utkoma of o6trileg.

e Bayesianar vinna allt 6druvisi. Adur en gégnum er safnad er sett fram
skodun & stikanum 6. Pessi skodun er sett fram 1 formi likindadreif-

ingar,

7(0) a priori dreifningin
likanid er X |0 ~ 7(x|0)
gognum x safnad

og reiknud Ut a posteriori dreifiningin med reglu Bayes
w(0)m(x|0)
[ 7(0)m(x|0)dO

m(0]x) =
e Sidan mé skilgreina bayes mat 0t fra posteriori dreifingunni, t.d:

Opaves = B 012)(0)

eda reikna midtolu, mode eda eitthvad annad ut fra posteriori dreif-

ingunni.



e Athugio ad ndkveemnina meta Bayesianar med ,highest-probability”
region fyrir @ og alyktad eru um kenningar med pvi a0 reikna , posterior

odds”. P.e. likur eru notadar beint 1 alyktuninni.

e Upplagt er ad koma sinni hlutdraegni 4 framfeeri med vali & priori

dreifingu.

e Hvad 4 a0 gera ef 1itid er vitad um 6?7 Hvernig & setja slikt fram &

formi likindadreifngar?

o [ praxis vel flatan prior. Hugtakid ,non-informative-prior” hefur vald-
i0 Bayesionum heilabrotum. Ymsar lausnir, lagdar til svo sem Jef-
frey’s prior, minimal-Shannon-information. Shannon-information er

skilgreint:

I = / 7(8) log(w(8))d6
Finn pad fall 7 pannig ad upplysingaauki tr tilraun séu sem mestur.
I, = / (6]z) log(x(0]a))d0
hamarka

I, —1I,

e Get valio flatan improper-prior, Bayesianar ekki sammaéla hér.

Ath. Ef 7(log(o) er flatt ba er m(o) ekki flatt.

o [ praxis vel eitthvad sem er nalaegt pvi ad vera flatt fyrir ahugverd gildi

a0.



e Bayesiskar adferdir geta haft goda frequentistic eiginleika, t.d. lit-
inn mean-square-error. Maximum-likelihood adferdir er asymptotisk

optimal en geta haft leidinlega eiginleika 1 litlum drtokum.

e James-Stein og ridge-regression eru adferdir, sem auka stodugleika {
mati, hafa verid leiddar it med empirical Bayes adferdum. Empirical
Bayes adferdir ganga 0t &4 ad nota Bayes formdlur en stinga inn gildum

4 parametrum tr prior dreifingunni sem er metin Gt frd meelingunum.



Hagnyting og taeknileg vandamal

o Adur voru Bayes adferdir fyrst og fremst heimsspekilegar (og staerod-

fraedilegar).

e A sidustu arum hefur petta breyst og nt er Bayes adferdafraedi ordinn

praktiskur moguleiki i hagnytum rannséknum.

e Taknilega hefur verid nanast 6mogulegt ad reikna tt integralid i poster-

iori dreifingunni.

e DPad er haegt ef 1ikanid og priori-dreifingin mynda ,conjugate”™par. P4
verda priori dreifingin og posteriori dreifingin baedi tr somu fjolskyldu.

b.e. prior-likan parid er ,closed under sampling”

e Dzemi: Vil alykta um medaltal i normaldreifingu, N(u,0?). Gerum

rad fyrir ad o sé pekkt pé er skref 1 ad setja fram prior

() ~ N(a, ) fee meelingu x ar
N(u, o) ntt mé syna med algebru og reglu Bayes ad

)

T L+ o? 1
a
o’l+1 o471 1/o2+1/T

m(plz) ~ N(z

p.e. a posteriori dreifinging vard ny normaldreifing. Ef o hefdi ver-
i0 6pekkt hefid matt nota normal-gamma prior og fa ad a posteriori

dreifingin er t-dreifing.



e DPad haegt ad leida 1t conjugate prior fyrir exponential family dreifing-
ar. Og péa er hugsanlegt ad vinna analytisk med posteriori dreifinguna.

Fyrir adra a priori dreifingar er petta yfirleitt erfitt.

e Dvi verdur a0 gripa til nimeriskra adgerda. Pad er erfitt ad integrera
nimeriskt { morgum viddum. Til determinstiskar reglur, Gaussian

quadrature sem ganga i lagum viddum (1,2,3).

e Nutimapraxis byggir & hermunum (simulations). P.e. til ad meta

integralid

/g(O)dB er safnad gildum & 0)

med random generator og reiknad
S
1
B > g(6))
i=1

e Random sample ekki skynsamlegt. Menn hafa reynt a) importance
sampling (svipad og stratified sampling) og Markov-Chain-Monte-Carlo
(MCMCQ) adferdir. Pekkt prinsip i MCMC eru Metropolis-Hastings

adferdin og Gibbs sampler.

e Taknilegur vandi er ad bia til random tolur tr a posteriori-dreifingunni.
Ef dkvednum steerdfraedilegum skilyroum er fullnsegt er haegt er ad
hanna Markov-kedju sem hefur jafnveegisdreifingu sem er sama og

posteriori dreifingin.
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e Hugmyndin er pvi st ad setja af stad kedju, eftir dkvedin tima eru gildi
i kedjunni ,representativ’ fyrir posteriori dreifinguna. Pa er safnad tr

kedjunni gognum pannig ad g6éd hugmynd faest um dreifinguna.

e Vandi er ad vita hvenaer er madur kominn négu langt? P.e. hvad part

burn-in timabilid ad vera langt? Mikilvaegt ad velja startgildi rétt.
e DProadar hafa verid convergence-diagnostic adferdir.

e Syni litid deemi med notkun & BUGS (Bayesians-Using-Gibbs-Sampler)

og CODA (Convergence-Output-Diagnostic-Analysis).
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Einfalt daemi

Einfold adhvarfsgreining(regression)
XY
11
2 3
3 3
4 3
5 5

Likanid er

}/i :Oé—f—ﬁXZ—‘réz ENN(O,O'2)
a priori dreifingar o ~ N(0,10000)  (§ ~ N(0,10000)

o2 ~ gamma(0.00001,0.00001)

Venulegt nidurstada tr vengulegu tolfraediforriti er t.d. o = 0.73

Estimate Std. Error t value Pr(>]t|)

(Intercept)  0.6000 0.7659  0.78  0.4906
x  0.8000 02309 346  0.0405
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CODA-ouput

1. Empirical mean and standard deviation for each variable, plus standard

error of the mean:
Mean SD Naive SE Time-series SE

alpha 0.6719 1.2109 0.017124 0.030980
beta  0.7768 0.3605 0.005099 0.009386
sigma 0.9993 0.6285 0.008889 0.013761
tau 1.8749 1.5220 0.021524 0.028852

2. Quantiles for each variable:

2.5% 25%  50% 75% 97.5%

alpha -1.672447 0.03057 0.6327 1.225 3.263
beta 001338 60776 0.7870 0.968 1.468
sigma  0.415499 0.62246 0.8200 1.171 2.649

tau 0.142518 0.72870 1.4874 2.581 5.792
CODA diagnostics options menu

1:Display current diagnostic options

2:Window sizes for Geweke’s diagnostic

3:Bin size for plotting Geweke’s diagnostic

4:Bin size for plotting Gelman & Rubin’s diagnostic
b:Parameters for Raftery & Lewis’ diagnostic

6:Halfwidth precision for Heidelberger & Welch’s diagnostic

7:Combine chains to calculate correlation matrix
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Trace of alpha

Density of alpha
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Mynd 1: Utkoma dr CODA
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HIP Software and Physics project

a

L1

The 24 nodes of the Celeron ATX Here the power supply tower can be

blade server [1]. seen.
23.10.2003 8 Tomas Lindén

Mynd 2: Linux-cluster { smidum
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Ioannis Ntzoufras & Petros Dellaportas

28/6/2002

1... GENERALISED LINEAR MODELS
1.3. GENERAL PRINCIPLES OF MODELLING

IT IS ART

ALL MODELS ARE WRONG
SOME OF THEM ARE MORE USEFUL THAN
OTHERS

WE SEEK FOR MODELS WHICH DESCRIBE
REALITY

WE FIT AND CHECK MANY DIFFERENT MODELS
ALWAYS USE SOME DIAGNOSTICS FOR
CHECKING THE GOODNESS OF FIT

2... CLASSIC BUGS

1 2.1. INTRODUCTION: WHAT IS
BUGS?
2.2. A SIMPLE EXAMPLE
2.3. EXAMPLE 2: BINOMIAL DATA
2.4. EXAMPLE 3: BERNOULLI DATA
2.5 EXAMPLE 4: MODELS FOR 2X2
CONTINGENCY TABLES
2.6 EXAMPLE 5: MODEL FOR 3-WAY

TABIES

2... CLASSIC BUGS
2.1. INTRODUCTION: What is BUGS

BUGS: Bayesian inference Using Gibbs
Sampling

Computing Language for definition of the
Model (likelihood, prior)

Computes the full Conditional
Distributions and generates samples from
log-concave posterior distributions

2... CLASSIC BUGS
2.1. INTRODUCTION: What is BUGS

1 The project started at (about) 1995
1998: 1st version of Windows (Winbugs)
MRC Biostatistics Unit in Cambridge
(Spiegelhalter, Gilks, Best, Thomas)
Now: developed jointly with the Imperial
College

Free from:
http://www.mrc-bsu.cam.ac.uk/bugs/

2... CLASSIC BUGS
2.1. INTRODUCTION: What is BUGS

BEWARE:

GIBBS SAMPLING CAN BE
DANGEROUS

2... CLASSIC BUGS
2.1. INTRODUCTION: What is BUGS

Why?
Wrong Results due to lack of convergence
Slow convergence
Bad Starting Values
Bad Construction of Model
Over-parameterised Model

Tutorial: Introduction to BUGS
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Words: B. Carlin
Music: Neil Diamond/The Monkees/Smashmouth (“I'm a Believer”)

Intro: (key/guitar lick)

V1: [ thought inference was just a fairy tale,

Confused by stats and probability,

Frequentist approaches (doo-doot doo-doot)

made no sense to me (doo-doot doo-doot)

Summarizing evidence by p?!

Chorus: Then I saw Tom Bayes — Now I'm a believer,

Without a trace — of doubt in my mind,

[I'm a] Bayesian (ooooh) — Oh, I'm a believer -

I couldn’t p now if I tried!

17



V2:

Chorus:

Solo:

V3:

(partial)

Chorus:

I thought likelihood was just the only thing,
Turn the crank and get the MLE,
What’s the use of thinking (doo-doot doo-doot)
Disconnect your brain (doo-doot doo-doot)

Play along and minimize the pain...

(repeat)

(keys/guitar)

SAS was out to get me (doo-doot doo-doot)

— that’s the way it seemed (doo-doot doo-doot)

Fixed effects and forced normality...

(repeat 2x w/assorted hollering and out!)
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Lokaoro

e Bayes hugmyndafraedi er frabrugdin tidintilkun.

e Oft er haegt ad taka tidnitilkunarnidurstédur og sja hvers konar prior

s& rannsakandi hefoi haft ef hann hefdi verid Bayesian.

e Tolvutaekni, MCMC adferdir gera Bayesiska vinnu a0 praktiskum mogu-

leika.
e Med MCMC takninni er hugsanlega haegt ad meta flokin likon,

e Fraedin um 6vissu eru ,exact” visindi.
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